In this paper, the conditions for bifurcations of limit cycles from a third-order nilpotent critical point in a class of quintic systems are investigated. Treaty the system coefficients as parameters, we obtain explicit expressions for the first fourteen quasi Lyapunov constants. As a result, fourteen or fifteen small amplitude limit cycles with different distributions could be created from the third-order nilpotent critical point by two different perturbations. c ⃝2015 All rights reserved.
Introduction
Recently years, many works have been devoted to study the center-focus problem which is also related to the so-called cyclicity of the point, see [1, 3, 4] . As far as the maximum number of small-amplitude limit cycles are concerned, there have been many results. For an elementary center or an elementary focus, one of the best-known results is M (2) = 3, which was solved by Bautin [2] . For n = 3, Yu and Tian have proved that there could be twelve limit cycles around a center point in a planar cubic-degree polynomial system [12] . For n = 4, an example of a quartic system with eight limit cycles bifurcated from a fine focus [5] was given. As far as bifurcation of limit cycles from degenerate critical points were concerned, they also have been investigated intensively. Especially, for nilpotent critical point, there were also many results about limit cycles, see [7, 9] . So far, regarding the family of polynomial differential systems, a complete classification of centers and isochronous centers has only been solved for quadratic polynomial systems, or simply quadratic systems. Recently, the conditions of center and isochronous center at the origin for a class of non-analytic quintic systems were studied in [8] . A class of nilpotent-Poincar system was discussed in [10] . Two kinds of bifurcation phenomena in a quartic system were investigated in [11] .
In this paper, we consider a quintic systems (1.1)
We will show that two different distributions of fourteen or fifteen cycles can be given by different perturbations. The rest of this paper will be organized as follows. In Section 2, some preliminary results in [6] will be given. In Section 3, the linear recursive formulae in [6] are used to compute the first fourteen quasiLyapunov constants and then obtain the sufficient and necessary conditions for a center. In Section 4, one kind of different bifurcation are discussed to confirm that fourteen limit cycles can bifurcate from quintic systems. In Section 5, another kind of interesting bifurcation phenomenon was discussed to confirm that fifteen limit cycles can bifurcate from quintic systems.
To perform the computations in this paper, we have used the computer algebra system-MATHEMATICA 7.
Preliminary results
In this section, some important results taken from [6] for center-focus problem of third-order nilpotent critical points in the planar dynamical systems are presented for convenience in future, for more detail, see [6] .
It is well known that the origin of a system with a third-order monodromic critical point can be written in the following form of real autonomous planar system: 
one can construct successively the terms with the coefficients c αβ satisfying α ̸ = 0 of the formal series,
3) 
where
have been set. The mth−order quasi-Lyapunov constant is defined as
Clearly, the recursive formulae in Theorem 2.2 are linear with respect to all c αβ . Therefore, it is convenient to develop programs for computing quasi-Lyapunov constants by using computer algebraic system such as MATHEMATICA.
Quasi-Lyapunov constants and center conditions
According to Theorem 2.1, for system (1.1), we can find a positive integer s and a formal series M (x, y) = x 4 + y 2 + o(r 4 ), such that (2.4) holds. Applying the recursive formulae in Theorem 2.2 to carry out calculations, we have Furthermore, the quasi-Lyapunov constants can be computed in two cases and we obtain the following results. 
where µ m is the mth-order quasi-Lyapunov constant at the origin of system (1.1), m = 1, 2, · · · , 14.
Theorem 3.2.
For system (1.1), the first 14 quasi-Lyapunov constants at the origin are given by 
Where f i , i = 1, · · · , 6 are given in Appendix. In the above expressions of µ k , for each k = 2, · · · , 14, whose vector field is symmetric with respect to the y-axis.
Existence of fourteen limit cycles
Now, we will prove that fourteen limit cycles enclosing an elementary node at the origin of unperturbed system (1.1) can be bifurcated from the perturbed system of (1.1) the third-order nilpotent critical point O(0, 0) is a 14th-order weak focus. Proof. Solving µ 1 = µ 2 = µ 3 = µ 4 = µ 5 = µ 6 = µ 7 = µ 8 = µ 9 = µ 10 = µ 11 = 0, we obtain above relations. Furthermore, we denote
21 ̸ = 0 so the origin of system (1.1) is a 14th-order weak focus. Now, we study the perturbed system of (1.1), given by: 
Existence of fifteen limit cycles
An interesting bifurcation of limit cycles which is different from the first kind of bifurcation will be considered in this section. It is first time to consider this kind of bifurcation phenomena in a quintic system. The following perturbed system of (1. which is called double perturbed system of system (1.1) will be considered in this section. Obviously, when 0 <| ε |≪ 1, system (5.1) has three real singular points in the neighborhood of the origin, namely O(0, 0) and P 1,2 (±ε, 0). The following transformation x = ε(u ± 1),
can shift P 1,2 (±ε, 0) of system (5.1) to origin, and obtain a new system in the form of
where Φ(ξ, η, ε, δ) and Ψ(ξ, η, ε, δ) are power series in (u, v, ε, δ) with nonzero convergence radius. So P 1,2 (±ε, 0) of (5.1) are fine foci when δ ̸ = 0, and weak foci or centers when δ = 0. Especially for δ = 0, let A = 1 + a 21 ε 2 − a 31 ε 3 , corresponding to P 1,2 (±ε, 0), system (5.1) are changed into the same systems When the the origin of system (1.1) is a 14th-order weak focus, the first Lyapunov constant of system (5.3) at origin is We have studied an interesting bifurcation which, different from the first kind of bifurcation, can generate 15 limit cycles by perturb the quintic system with a nilpotent critical point. We set a new record of limit cycles bifurcated from an isolated critical point in a quintic systems.
